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Abstract

One-dimensional models were usually utilized to describe the coupled heat and mass transfer processes in packed bed liquid desiccant–
air contact systems. In this paper, a double film model was utilized for both parallel and countercurrent flow configurations. The model
considered the effects of non-unity values of Lewis factor, unequal effective heat and mass transfer areas, liquid phase heat and mass
transfer resistances, changes in solution mass flow rate and concentration. Within the relatively narrow range of operating conditions
usually encountered in a specified application, a linear approximation was made to find out the dependence of equilibrium humidity ratio
on solution temperature and concentration. Constant approximations of some properties and coefficients were further made to render
the coupled equations linear. The original differential equations were rearranged and an analytical solution was developed for a set of
newly defined parameters. Analytical expressions for the tower efficiency and other effectiveness values were further developed based on
the analytical solution. Comparisons were made between analytical results and numerical integration of the original differential equations
and the agreement was found to be quite satisfactory.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Liquid desiccant cooling system driven by solar energy
or other heat sources was emerged as a potential alternative
or as a supplement to conventional vapor compression sys-
tems for cooling and air conditioning. Dehumidification
and regeneration are the key processes.

One-dimensional models were frequently utilized to
describe the heat and mass transfer processes in packed
bed liquid desiccant–air contact systems with different
approximations concerning the individual phase heat and
mass transfer resistances. Factor and Grossman [1] devel-
oped a differential model for a test column using LiBr solu-
tions. The interface temperature and concentration were
assumed to be the bulk liquid temperature and concentra-
tion, respectively. Overall heat and mass transfer coeffi-
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cients were utilized. The model was validated with
experimental results for a column packed with ceramic Int-
alox saddles. Such kind of models was also utilized by some
other research workers [2,3] in studying the performance of
dehumidifiers and regenerators. Neglecting the liquid phase
heat transfer resistance and using individual phase mass
transfer coefficients, Gandhidasan et al. [4] simulated the
performance of a dehumidification tower using packings
of Ceramic 2 in Rashing rings and aqueous CaCl2 solution.
It was found that, if liquid phase mass transfer resistance
was ignored, the packed height would be underestimated
by about 10–20% depending on the concentration of the
desiccant used. Oberg and Goswami [5] and Martin and
Goswami [6] also included the liquid phase mass transfer
resistance in their finite difference model to study the per-
formance of adiabatic absorption and regeneration with
TEG, respectively. Gas and liquid phase mass transfer
coefficients were calculated using the empirical correlations
by Onda et al. [7]. Gas phase heat transfer coefficient was
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Nomenclature

a, aM effective specific interfacial areas for contact of a
gas with liquid for heat and mass transfer,
respectively (m2/m3)

a11–a22 elements of coefficients matrix defined in Eq.
(23)

A coefficients matrix first introduced in Eq. (21)
B0–B3 coefficients first appeared in Eqs. (8)–(10) and

(23), respectively
C, Cp specific heat capacities (kJ/kmol �C)
C* air to solution heat capacity rate ratio
Et, Ex average or derivative slopes of equilibrium

humidity ratio with respect to temperature and
concentration, respectively

G dry air mass flow rate (kmol/s)
h specific enthalpy (kJ/kmol)
ha specific enthalpy of moist air ha ¼ ðCpaþ

Y aCpvÞta þ Y ahfg;0 (kJ/kmol)
hfg,0 evaporation heat of water at reference tempera-

ture (0 �C) (kJ/kmol)
hv specific enthalpy of water vapor hfg;0 þ Cpvtv

(kJ/kmol)
hG gas phase heat transfer coefficient (kW/m3 �C)
hL liquid phase heat transfer coefficient (kW/

m3 �C)
ĥw partial enthalpy of water in solution

ĥw ¼ hL þ ð1� xLÞ ohL

oxL
(kJ/kmol)

hs,I heat of absorption at interface condition
hs;I ¼ hv;I � ĥw;I (kJ/kmol)

�hfg a normalized heat of evaporation hfg,0/Cpa (�C)
kY, kx gas and liquid phase mass transfer coefficients,

respectively (kmol/m2 s)
K1, K2 coefficients defined by Eq. (29)
L mass flow rate of solution (kmol/s)
Lef Lewis factor
mR air to solution mass flow rate ratio
M molecular weight
NTU number of heat transfer units
Pr Prandtl number
P1–P4 parameters first appeared in Eqs. (14) and (15),

respectively
Q sensible heat transferred

Rcv water vapor to dry air specific heat capacity ra-
tio

Rh ratio of gas-to-liquid phase heat transfer coeffi-
cients

Rk ratio of gas-to-liquid phase mass transfer coeffi-
cients

Sc Schmidt number
S# coefficient in Eq. (23)
t temperature (�C)
V volume of packed column (m3)
W mass of water species transferred
x mole fraction of water in solution (kmol/kmol)
Y humidity ratio (kmol/kmol(a), or mol/mol(a))
Y function variable vector defined by Eq. (22)

Greek symbols

D change of or difference between parameters
b1–b5 coefficients defined by Eqs. (49)–(52), respec-

tively
da flow direction indicator, ‘‘+1” for counterflow

and ‘‘�1” for parallel flow
e effectiveness
c coefficient defined by Eq. (61)
k1, k2 roots of the characteristic equation
# dimensionless temperatures t=�hfg

r ratio of mass transfer area to the effective heat
transfer area

n mass fraction of desiccant in solution (wt% salt)
u, w newly defined variables in Eq. (32)

Subscripts

a of or in bulk air
av average
e of air in equilibrium with desiccant solution
i inlet
I of or at interface
L of or in bulk solution
o outlet
v water vapor
x local position
T top position
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found by applying the heat and mass transfer analogy.
Model predictions were found to be in good agreement
with the experimental results. Further, Fumo and Gosw-
ami [8] made modifications to account for the higher sur-
face tension of LiCl and higher water concentration in
brines as compared to water concentration in TEG. A cor-
rection factor was used in their model to describe the
reduction of area for mass transfer in the contact column.
Gas phase heat transfer coefficient was also determined
from known mass transfer coefficient by applying the heat
and mass transfer analogy. The model was used to predict
experimental findings and the results of comparison were
satisfactory.

Different assumptions concerning the individual phase
heat and mass transfer resistances in the liquid desiccant
air contact systems are appropriate for different packing
materials and operating conditions.

Effects of liquid phase heat and mass transfer resis-
tances may sometimes be considered as negligible in liquid
desiccant air contact systems with random packings.
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Gandhidasan et al. and Ertas et al. [9,10] calculated and
correlated both liquid and gas phase heat and mass trans-
fer coefficients for random packing materials and CaCl2,
LiCl and CELD solutions using method presented in
Ref. [11]. For the specified range of operating conditions,
numerical calculation gives that the ratios of gas-to-liquid
phase heat transfer coefficients (Rh) are very small, approx-
imately among 0.0028–0.022. For simplification, the effects
of liquid phase heat transfer resistances can approximately
be neglected. For the same packing materials and operat-
ing conditions, the ratios of gas-to-liquid phase mass trans-
fer coefficients (Rk) are among 0.025–0.4682 with large
ratio values corresponding to the high gas flow rate and
low liquid flow rate operating conditions. Because water
is easily soluble in above desiccant solutions, the effects
of liquid phase mass transfer resistances can sometimes
be neglected too for small ratio values, depending on the
operating conditions and the errors to be allowed in engi-
neering calculations. The reason can be given as follows.
The relative role of liquid phase mass transfer resistance
will be ExRk, where Ex ¼ oY e

ox is the slope of equilibrium
humidity ratio with respect to desiccant concentration
(This will be demonstrated in later discussions). Further,
Ex is usually small for the easily soluble desiccant solu-
tions. This value will be in the order of 0.1–0.6 mol/mol
except for much high solution temperature conditions,
but is usually less than 1 in practical applications. Thus,
the relative importance of the liquid phase mass transfer
resistances will be smaller than that represented by the pure
mass transfer coefficients ratios. In consequence, the effects
of liquid phase mass transfer resistances can sometimes be
neglected too, especially when overall gas phase mass
transfer coefficients are utilized. However, for general
application purposes and accuracy in simulation, liquid
phase mass transfer resistances should better be considered
in model equations.

Gas phase-controlled model were frequently utilized in
experimental investigations on heat and mass transfer per-
formances of liquid desiccant air contact systems, but there
were still some experimental investigations that show that
liquid phase heat and mass transfer resistances cannot be
neglected. Due to the complications in analyzing the cou-
pled heat and mass transfer processes, it is very difficult
to separate liquid phase heat and mass transfer resistances
from those of gas phase in a single experimental investiga-
tion. Arbitrary assumptions were usually found in experi-
mental investigations. Under the gas phase-controlled
assumptions, Chung et al. [12–14] performed experiments
to measure the gas-phase heat transfer coefficients and
overall gas-phase mass transfer coefficients of packed bed
absorbers with random (5/8 in. polypropylene Flexi rings
and 1/2 in. ceramic Berl saddles) and structured (cross cor-
rugated cellulose and polyvinyl chloride) packings and LiCl
solutions. The values of mass transfer coefficients were
among 0.0617–0.227 kmol/(m3 s). However, the interface
temperature was assumed as the arithmetic average of the
bulk gas and liquid temperatures and the heat and mass
transfer correlations did not necessarily follow the Colburn
analogy [12]. In experimental investigations, the superficial
mass velocities of liquid solutions were about 8.7–15.2 kg/
(m2 s). For small liquid flow rate conditions, the situations
may be quite different. Potnis and Lenz [15] showed
through Wilson plots of the experimental data of evapora-
tion and condensation rates for the regenerator and the
dehumidifier, respectively, that gas phase mass transfer
resistance was negligible compared to the liquid phase mass
transfer resistance. The superficial mass velocities of liquid
solutions were about 1–3 kg/(m2 s). Overall liquid phase
mass transfer coefficients for the structured packings
(Munters CELDEK) (about 0.014–0.04 mol/(m2 s)) were
about 30–40 times less than those for random packing
(Polypropylene Tripack) (about 0.48–2 mol/(m2 s)). The
overall mass transfer resistances for structured packings
are also very large in comparison with those found by
Chung et al. [12]. This really indicated that liquid phase
mass transfer resistance played a very important role in
these situations, at least for structured packings. From heat
and mass transfer analogy, it may also be reasonable to
expect a non-negligible effect of liquid phase heat transfer
resistance here, if accurate simulation is concerned.

It is possible to get a more comprehensive understanding
of the mechanism of the complicated heat and mass trans-
fer processes in liquid desiccant air contact systems from
other absorption or desorption processes with approximate
diffusivities of transferred species in mixtures. Based on the
correlations developed by Bravo et al. [16,17] and Rocha
et al. [18,19], Al-Farayedhi et al. evaluated theoretically
the heat and mass transfer coefficients in a gauze-type
structured packing air dehumidifier operating with liquid
desiccant. The gas-side mass transfer coefficient was evalu-
ated according to the wetted-wall relationship, but the
liquid-side mass transfer coefficient was evaluated accord-
ing to the penetration theory where the exposure time
was calculated based on the corrugation side length as
the flow length. Heat transfer coefficients for both the gas
and liquid side were evaluated according to the heat–mass
transfer analogy. The evaluated volumetric mass transfer
coefficient for air was approximately among 0.125–
0.19 kmol/(m3 s) and the evaluated F-type volumetric mass
transfer coefficient for liquid was approximately among
0.4–1.8 kmol/(m3 s). These results show that the liquid-side
mass transfer resistances are much smaller than the gas-
side mass transfer resistances. However, this evaluation
may greatly overestimate the liquid-side mass transfer coef-
ficients. Weiland and Ahlgren [21] performed experimental
studies on the mass transfer characteristics of some struc-
tured packings (Goodloe packings and ChemPro’s Montz
A2 packing). Absorption of SO2 from air into aqueous
caustic soda was used to determine kGa because this is a
completely gas phase-controlled process. Interfacial areas
were measured using CO2 absorption into dilute NaOH
from nominal 2% CO2 in air under conditions of pseudo-
first-order reaction. The liquid film coefficient kLa was
found from rates of absorption of CO2 into sodium
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carbonate/bicarbonate buffer solutions. Experimental
results were compared with the prediction by the correla-
tion of Bravo et al. [16] and showed that Bravo’s correla-
tions underestimated the gas-side mass transfer
coefficients and greatly overestimated the liquid-side mass
transfer coefficients. The reason may be withdrawn from
the experimental interpretation by Brunazzi and Paglianti
[22] for how the column height influences the height of a
transfer unit. In their investigations, overall liquid phase
mass transfer coefficients were measured through experi-
ments of desorption of CO2 from water into air. This is
nearly a liquid phase-controlled process because CO2 is
sparingly soluble in water. Thus the overall liquid phase
mass transfer coefficients can be considered identically as
the individual liquid phase mass transfer coefficients. Bru-
nazzi and Paglianti found that in a log–log plot the relation
between the liquid Sherwood number (ShL = kLd/DL) and
the inverse of the Graetz number (Gz = ReLScLd/H) is a
straight line. Here H is proportional to the column height
Z, that is,H = Z/sina. The Sherwood number increases
with the increasing Graetz number. This result is in consis-
tent with the finding made by Nawrocki and Chuang [23]
that flow distance is considerably important on mass trans-
fer of absorption of CO2 into stable rivulets and with the
assumption of only partial mixing occurred at corrugation
junctions. Finally, Brunazzi and Paglianti’s model pre-
dicted their own experimental results and Weiland and
Ahlgren’s experimental results fairly well. The above find-
ings also indicate that using corrugation side length as
the flow length in calculating the exposure time will let
the penetration theory greatly overestimate the liquid
phase mass transfer coefficients. Proofs for that both gas
and liquid phase heat and mass transfer resistances may
play important roles with random packings may be with-
drawn from the supporting information of a statistical
analysis of experimental data from a great number of
source literatures [24], where the operating conditions is
very similar to those found in liquid desiccant air contact
systems.

In conclusion, for general application purposes and for
accurate simulation and analysis, the effects of both liquid
phase heat and mass transfer resistances should be consid-
ered in modelling and the Lewis number and the surface
wettability were not necessary to be unity.

Functional relationships for the performances of dehu-
midifiers and regenerators were also investigated by many
research workers. Expressions correlating the independent
variables to the rates of vaporization in regenerators and
the rates of condensation in dehumidifiers were obtained
by statistical analysis of numerical or experimental results
[25,26]. Semi-empirical expressions for effectiveness of heat
and mass transfer processes were also presented by fitting
them to the simulation or experimental results [27–29].
However, the validity of these correlations was found to
be restricted to the type of equipments and operating con-
ditions investigated. Though some correlations were based
on the dimensionless groups obtained from dimensional
analysis using Buckingham-Pi theorem, the theorem itself
could not help find out the exact functional forms of the
correlations. Thus, accuracy will inevitably be compro-
mised for broader ranges of validity and/or simplicity of
the expressions. Charts of humidity and enthalpy effective-
ness obtained from finite difference model as a function of
design variables using calcium chloride solution as the des-
iccant were presented by Elsayed et al. [3], but no mathe-
matical expression was provided. Stevens et al. [2]
developed an enthalpy effectiveness expression analytically
with Lewis factor being assumed as unity. In order to
determine the outlet humidity ratio, an ‘effective’ heat
and mass transfer process was assumed in which the solu-
tion stream was at a constant ‘effective’ temperature that
gives the correct air outlet enthalpy. Allowing Lewis factor
not necessarily equal to unity, Ren et al. [30] solved the dif-
ferential equations for the coupled heat and mass transfer
processes analytically. Expressions for the humidity and
enthalpy effectiveness were further developed based on
the analytical solution. However, both analytical models
were based on the so called gas phase-controlled model.
That is to say, liquid phase heat and mass transfer resis-
tances were neglected.

Analytical solution can not only be helpful to compute
the averaged heat and mass transfer coefficients from exist-
ing experimental data, it can also be very useful in annual
energy performance analyses of liquid desiccant cooling
and air conditioning systems and in optimization analyses
and design calculations. Thus, this article is aimed at devel-
oping an analytical solution for the coupled heat and mass
transfer processes, allowing both liquid and gas phase heat
and mass transfer resistances not necessary equal to zero
and Lewis factor not necessary equal to unity. Further,
analytical expressions for the tower efficiency and other
effectiveness values will be developed based on the analyt-
ical solution.

2. Physical model

The heat and mass transfer model for packed bed liquid
desiccant–air contact systems can be schematically shown
in Fig. 1. Due to the high surface tension of liquid solu-
tions, the surface of packing materials may not be uni-
formly wetted. This will possibly lead to reduced areas
for heat and mass transfer. Because of the fin effect of pack-
ing materials, the effective heat and mass transfer areas
may not be equal. In order to improve model accuracy, a
ratio of effective mass transfer area to the effective heat
transfer area will be utilized to describe this effect. Also,
Lewis factor for air phase will not be necessary set as unity
even for the uniformly wetted conditions.

For modelling, the following assumptions are adopted
as in conventional practices:

(1) zero wall and air thermal and moisture diffusivity in
flow directions;

(2) no heat transfer to the surroundings;
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Fig. 1. Double film mass transfer resistance model for liquid desiccant–air
contact systems.
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(3) constant specific heats of air and solution, constant
heat and mass transfer coefficients and constant
Lewis factor along the height of the exchanger.
3. Differential equations

For the differential element as shown in Fig. 1b, a set of
differential equations can be obtained as follows:

Energy balance equation for air

Gdha ¼ da½hGaðta � tIÞ þ hv;IkY aMðY a � Y IÞ�dV ð1Þ

Mass balance equation for air

GdY a ¼ dakY aMðY a � Y IÞdV ð2Þ

Energy balance equation for the differential element

dðLhLÞ ¼ daGdha ð3Þ

Mass balance equation for the differential element

dL ¼ L
1� xL

dxL ¼ daGdY a ð4Þ

For desiccant solution, the Gibbs equation applies

dðLhLÞ ¼ LCL dtL þ ĥw dL ð5Þ

Interface conditions are determined by the equations as
follow:

Energy balance equation at interface

hLaðtI � tLÞ ¼ hGaðta � tIÞ þ hs;IkY aMðY a � Y IÞ ð6Þ

Mass balance equation at interface

kxaMðxI � xLÞ ¼ kY aMðY a � Y IÞ ð7Þ
Rearrange Eqs. (1)–(5) to give

dta ¼ daðta � tIÞ
1

B1

dNTU ð8Þ

dY a ¼ daðY a � Y IÞðr=Lef ÞdNTU ð9Þ
dtL ¼ daC�ðB0 dta þ B2

�hfg dY aÞ ð10Þ
In above equations, B0 ¼ ð1þ Y aRcvÞ;B1 ¼ B0= 1þ½
Rcv

r
Lef
ðY I � Y aÞ� and B2 ¼ ðhv;a � ĥwÞ=hfg;0. The definitions

of the other grouped parameters are defined as follow:

NTU = (hGaV)/(GCpa) and dNTU = (hGadV)/(GCpa)—
numbers of air side heat transfer units for the exchanger
and the differential element, respectively;
Rcv = Cpv/Cpa—water vapor to dry air specific heat
capacity ratio;
Lef = hG/(kYCpa)—Lewis factor for the gas phase heat
and mass transfer;
r = aM/a—ratio of the effective mass transfer area to the
effective heat transfer area;
C� ¼ GCpa

LCL
—air to solution heat capacity rate ratio;

�hfg ¼ hfg;0=Cpa—a normalized heat of evaporation at ref-
erence condition (0 �C).

The total differential of equilibrium humidity ratio is

dY e ¼ Et dt þ Ex dx ð11Þ
Here Et ¼ oY e

ot and Ex ¼ oY e

ox . Within relatively narrow range
of operating conditions, the equilibrium humidity ratio of
desiccant solution can be approximated as a linear function
of concentration and temperature. With this approxima-
tion, Eq. (11) can be integrated from bulk solution to inter-
face to give

Y I � Y eL ¼ EtðtI � tLÞ þ Ex xI � xLð Þ ð12Þ
Substituting Eq. (7) into Eq. (12) gives

Y I � Y eL ¼ EtðtI � tLÞ þ ExRkðY a � Y IÞ ð13Þ
Here Rk = kY/kx represents the ratio of gas-to-liquid phase
mass transfer coefficients. Solving Eqs. (6) and (13) simul-
taneously gives

Y I ¼
1

1þ P 1

Y eL þ
P 1

1þ P 1

Y a þ
P 2

1þ P 1

ta � tL

�hfg
ð14Þ

tI ¼ ð1� P 3ÞtL þ P 3ta þ P 4
�hfgðY a � Y eLÞ ð15Þ

Here

P 1 ¼ ExRk þ
hs;I

hfg;0

r
Lef

P 2

P 2 ¼ Et
�hfg

Rh

1þ Rh

P 3 ¼
1þ ExRk

ð1þ P 1ÞEt
�hfg

P 2

P 4 ¼
P 1 � ExRk

ð1þ P 1ÞEt
�hfg

Rh ¼ hG=hL

The following observations can be easily seen from the
above expressions: if ExRk is much less than unity, the
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effect of liquid phase mass transfer resistance can be ne-
glected; if Rh is much less than unity, the effect of liquid
phase heat transfer resistance can be neglected. Substitute
Eqs. (14) and (15) into Eqs. (8) and (9) to give

dta ¼ da

1

B1

½ð1� P 3Þðta � tLÞ � P 4
�hfgðY a � Y eLÞ�dNTU

ð16Þ

dY a ¼ da �
P 2

ð1þ P 1Þ�hfg
ðta � tLÞ

�

þ 1

1þ P 1

ðY a � Y eLÞ
�

r
Lef

dNTU ð17Þ

Substituting Eq. (4) into Eq. (11) gives

dY eL ¼ Et dtL þ dað1� xLÞmREx dY a ð18Þ
Here mR ¼ G

L represents the air to solution mass flow rate
ratio.

Let’s define dimensionless temperature as

# ¼ t=�hfg ð19Þ
Further define two new grouped parameters as

DY ¼ Y a � Y eL and D# ¼ #a � #L ð20Þ
Using these definitions to rearrange Eq. (10) and Eqs. (16)–
(18) gives a system of differential equations as

d

dNTU
Y ¼ AY ð21Þ

In this matrix equation, the variable vector Y represents the
set of newly defined parameters as

Y ¼ ðDY ;D#ÞT ð22Þ
and A represents the coefficients matrix
A ¼ ðaijÞ2�2 ¼
C�S#P 4

B0

B1
� B3

1þP 1

r
Lef

�C�S#ð1� P 3Þ B0

B1
þ B3P 2

1þP 1

r
Lef

ðC�B0 � daÞ P 4

B1
� C�B2

1þP 1

r
Lef
�ðC�B0 � daÞ 1�P 3

B1
þ C�B2P 2

1þP 1

r
Lef

0
@

1
A ð23Þ
Here S# ¼ Et
�hfg and B3 = �da + C*S#B2 + (1 � xL)mREx.

If liquid phase heat and mass transfer resistances are ne-
glected, P1 = P2 = P3 = P4 = 0. The coefficients matrix will
be reduced as

A ¼ ðaijÞ2�2 ¼
�B3

r
Lef

�C�S#
B0

B1

�C�B2
r

Lef
�ðC�B0 � daÞ 1

B1

 !
ð24Þ

For the countercurrent flow configuration, this coefficients
matrix is approximately equal to that developed in a previ-
ous article by Ren et al. in Ref. [30]. In effect, the parameter
r/Lef in this article is equivalent to the parameter 1/Le in
the previous article. In a11, �B3 is slightly different from
1 � C*S# in the previous article due to the different approx-
imations in equilibrium humidity ratio of desiccant solu-
tions. Other minor differences in a12, a21 and a22 are due
to the minor differences in the expressions of dtL. Thus, this
model can be considered as an extension of the previous
model. However, the model can also be applied for much
more complicated situations for both countercurrent and
parallel flow configurations.
4. Analytical solution

Generally, all the elements in the coefficients matrix can
be approximated as constants. From assumptions in Sec-
tion 2, we can see that parameters r/Lef, Rh, Rk and �hfg

are constants. Hence, the parameters P1–P4 can be taken
as constants with the aforementioned linear approxima-
tion. The changes in mass flow rate and concentration of
the desiccant solution are usually small and the values of
these variables appeared in above equations can be evalu-
ated as the averaged values. B0, B1 and B2 are approxi-
mately equal to unity and can also be approximated as
constants too. By above approximations, Eq. (23) repre-
sents a set of linear and homogeneous ordinary differential
equations and can be solved analytically.

For Eq. (21), the characteristic equation is as follows

jkE� Aj ¼ 0 ð25Þ

Within the practical range of operating conditions, numer-
ical calculation shows that the solution of this characteris-
tic equation will always give two different real roots. These
roots are calculated as

k1;2 ¼ ða11 þ a22Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða11 þ a22Þ2 � 4ða11a22 � a12a21Þ

q� �
=2

ð26Þ
Thus, analytical solution of Eq. (21) can be expressed as
follows:

DY ¼ C1ek1NTUx þ C2ek2NTUx ð27Þ
D# ¼ �K1C1ek1NTUx þ K2C2ek2NTUx ð28Þ

By satisfying the general solution of Eqs. (27) and (28) to
Eq. (21), the constant coefficients K1 and K2 can be given as

K1 ¼ �ðk1 � a11Þ=a12 and K2 ¼ ðk2 � a11Þ=a12 ð29Þ

By satisfying Eqs. (23) and (28) to the top boundary condi-
tions, i.e., for NTUx = 0, DY = DYT and D# = D#T, we can
get

C1 ¼ ðK2DY T � D#TÞ=ðK1 þ K2Þ ð30Þ
C2 ¼ ðK1DY T þ D#TÞ=ðK1 þ K2Þ ð31Þ
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For further simplification, another two new variables are
defined as

u ¼ K2Y � # and w ¼ K1Y þ # ð32Þ

And the corresponding driving potentials are defined as

Du ¼ ua � ueL ¼ K2DY � D# and

Dw ¼ wa � weL ¼ K1DY þ D# ð33Þ

Substituting Eqs. (27) and (28) into Eq. (33) gives

Du ¼ DuTek1NTUx and Dw ¼ DwTek2NTUx ð34Þ

From Eq. (34), the potential variables Du and Dw are seen
to be decoupled from each other and are more convenient
to use in calculation than the potential variables DY and
D#.

5. Effectiveness–NTU relation

Following Ren et al. [30], the humidity effectiveness
(also known as tower efficiency) is defined as

eY ¼
Y a;i � Y a;o

Y a;i � Y eL;i

ð35Þ

Similarly, the temperature and enthalpy effectiveness can
be defined as

et ¼
ta;i � ta;o

ta;i � tL;i

and eh ¼
ha;i � ha;o

ha;i � heL;i

ð36Þ

Effectiveness for the new variables u and w are defined as

eu ¼
ua;i � ua;o

ua;i � ueL;i

and ew ¼
wa;i � wa;o

wa;i � weL;i

ð37Þ

To develop analytical expressions for above effectiveness
values, the following deduction processes are needed.
Firstly, with linear approximation of the equilibrium
humidity ratio, Eq. (11) can be further integrated from
solution inlet to outlet to give

Y eL;o � Y eL;i ¼ S#ð#L;o � #L;iÞ þ ExðxL;o � xL;iÞ ð38Þ
Due to the small changes in mass flow rate and concentra-
tion of the desiccant solution, Eq. (4) can be integrated
approximately to give

xL;o � xL;i ¼ ½mRð1� xLÞ�avðY a;i � Y a;oÞ ð39Þ
To satisfy overall mass balance condition, the average va-
lue [mR(1 � xL)]av can be evaluated as G(1 � xL,o)/Li.
From Eqs. (32), (38) and (39), the following two equations
can be obtained.

ueL;o � ueL;i ¼ ðK2S# � 1Þð#L;o � #L;iÞ
þ K2Ex½mRð1� xLÞ�avðY a;i � Y a;oÞ ð40Þ

weL;o � weL;i ¼ ðK1S# þ 1Þð#L;o � #L;iÞ
þ K1Ex½mRð1� xLÞ�avðY a;i � Y a;oÞ ð41Þ

Eq. (10) can be rewritten in a dimensionless form as
follows:
d#L ¼ daC�ðB0 d#a þ B2 dY aÞ ð42Þ

Integrating Eq. (42) from solution inlet to outlet to give

#L;o � #L;i ¼ C�½B0ð#a;i � #a;oÞ þ B2ðY a;i � Y a;oÞ� ð43Þ

Substituting Eq. (43) into Eqs. (40) and (41) gives the fol-
lowing equations:

ueL;o � ueL;i ¼ ðK2S# � 1ÞC�B0ð#a;i � #a;oÞ þ fðK2S# � 1ÞC�B2

þ K2Ex½mRð1� xLÞ�avgðY a;i � Y a;oÞ ð44Þ
weL;o � weL;i ¼ ðK1S# þ 1ÞC�B0ð#a;i � #a;oÞ þ fðK1S# þ 1ÞC�B2

þ K1Ex½mRð1� xLÞ�avgðY a;i � Y a;oÞ ð45Þ

Humidity ratio Y and dimensionless temperature # can be
expressed in terms of variables u and w by solving Eq. (32)
as follows:

Y ¼ ðuþ wÞ=ðK1 þ K2Þ and

# ¼ ðK2w� K1uÞ=ðK1 þ K2Þ ð46Þ

Substituting Eq. (46) into Eqs. (44) and (45) gives the fol-
lowing equations:

ueL;o � ueL;i ¼ b1ðua;i � ua;oÞ þ b2ðwa;i � wa;oÞ ð47Þ
weL;o � weL;i ¼ b3ðua;i � ua;oÞ þ b4ðwa;i � wa;oÞ ð48Þ

where the coefficients b’s are calculated as

b1 ¼ C�ðK2S# � 1ÞB2 � K1B0

K1 þ K2

þ K2

K1 þ K2

Ex½mRð1� xLÞ�av

ð49Þ

b2 ¼ C�ðK2S# � 1ÞB2 þ K2B0

K1 þ K2

þ K2

K1 þ K2

Ex½mRð1� xLÞ�av

ð50Þ

b3 ¼ C�ðK1S# þ 1ÞB2 � K1B0

K1 þ K2

þ K1

K1 þ K2

Ex½mRð1� xLÞ�av

ð51Þ

b4 ¼ C�ðK1S# þ 1ÞB2 þ K2B0

K1 þ K2

þ K1

K1 þ K2

Ex½mRð1� xLÞ�av

ð52Þ

Next, Eq. (34) can be rewritten as follows. For countercur-
rent flow configuration

ðua;i � ueL;iÞ � ðueL;o � ueL;iÞ
¼ ½ðua;i � ueL;iÞ � ðua;i � ua;oÞ�ek1NTU ð53Þ

ðwa;i � weL;iÞ � ðweL;o � weL;iÞ
¼ ½ðwa;i � weL;iÞ � ðwa;i � wa;oÞ�ek2NTU ð54Þ

For parallel flow configuration

ðua;i � ueL;iÞ � ðua;i � ua;oÞ � ðueL;o � ueL;iÞ
¼ ðua;i � ueL;iÞek1NTU ð55Þ

ðwa;i � weL;iÞ � ðwa;i � wa;oÞ � ðweL;o � weL;iÞ
¼ ðwa;i � weL;iÞek2NTU ð56Þ

Finally, substitute Eqs. (47) and (48) into Eqs. (53) and (54)
and solve the resultant equations to give the expressions for
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the effectiveness values of u and w in counterflow configu-
ration as

eu ¼
b2cð1� ek2NTUÞ � ðb4 � ek2NTUÞð1� ek1NTUÞ

b2b3 � ðb1 � ek1NTUÞðb4 � ek2NTUÞ ð57Þ

ew ¼
b3ð1� ek1NTUÞ=c� ðb1 � ek1NTUÞð1� ek2NTUÞ

b2b3 � ðb1 � ek1NTUÞðb4 � ek2NTUÞ ð58Þ

Substitute Eqs. (47) and (48) into Eqs. (55) and (56) and
solve the resultant equations to give the expressions for
the effectiveness values of u and w in parallel flow configu-
ration as

eu ¼
ð1þ b4Þð1� ek1NTUÞ � b2cð1� ek2NTUÞ

ð1þ b1Þð1þ b4Þ � b2b3

ð59Þ

ew ¼
ð1þ b1Þð1� ek2NTUÞ � b3=cð1� ek1NTUÞ

ð1þ b1Þð1þ b4Þ � b2b3

ð60Þ

Here, coefficient c is defined as

c ¼ ðwa;i � weL;iÞ=ðua;i � ueL;iÞ ð61Þ

From Eq. (46), tower efficiency and temperature effective-
ness can be expressed as

eY ¼
eu þ cew

1þ c
and et ¼ e# ¼

K2ceu � K1ew

K2c� K1

ð62Þ

Enthalpy effectiveness can be expressed as

eh ¼
ðB41 � K1B01Þeu þ ðB41 þ K2B01Þcew

ðB42 � K1B01Þ þ ðB42 þ K2B01Þc
ð63Þ

Here, B01 = 1 + Ya,iRcv, B41 = 1 + Rcv#a,o and B42 = 1 +
Rcv#L,i.

6. Calculation procedure

In rating calculation, outlet parameters have to be deter-
mined. With a given set of inlet conditions and control
parameters (tL;i; ta;i; xL;i; Y a;i;C

�
i ¼

GCpa

ðLCLÞi
;Rk;Rh; r=Lef and

NTU), the values of coefficients and parameters
B0–B4; Et;Ex;C

� and P1–P4 have to be evaluated at first
for an analytical solution. In evaluating the values of
B0–B3; C�; P 1 and P4, the arithmetic mean values of tem-
peratures, concentrations and humidity ratios at the inlet
and outlet positions are used. The coefficients Et and Ex

are evaluated according to the following equations:

Et ¼ ðY eLðtL;i; xL;iÞ þ Y eLðtL;i; xL;oÞ � Y eLðtL;o; xL;iÞ
� Y eLðtL;o; xL;oÞÞ=½2ðtL;i � tL;oÞ� ð64Þ

Ex ¼ ðY eLðtL;i; xL;iÞ þ Y eLðtL;o; xL;iÞ � Y eLðtL;i; xL;oÞ
� Y eLðtL;o; xL;oÞÞ=½2ðxL;i � xL;oÞ� ð65Þ

For above evaluations, outlet parameters xL,o and tL,o are
calculated according to Eqs. (39) and (43), respectively,
after analytical results of Ya,o and ta,o have been obtained.
Interface parameters are calculated according to Eqs. (7),
(14) and (15).

Because evaluation results also depend on outlet param-
eters, iterative processes will be required. Usually, 3–5 steps
are needed for an analytical solution. Initially, the values of
outlet temperatures, concentration and humidity ratio are
simply assumed as their inlet values, respectively. Ex and
Et are evaluated according to their differential expressions
at the inlet positions too. Though this is rather arbitrarily
an evaluation, it will not affect the final results of the iter-
ation solution.

Based on above conditions and specifications, a proce-
dure for the analytical solution is given as follows:

(1) Evaluate the values of coefficients and parameters
B0–B4;Et;Ex;C

� and P1–P4 based on given conditions
and initially assumed or iterative results of outlet
parameters.

(2) Calculate values of the elements of coefficients matrix
A according to Eq. (23).

(3) Calculate the roots of the characteristic equation
according to Eq. (26).

(4) Calculate coefficients K1 and K2 according to Eq.
(29).

(5) Calculate b1–b4 according to Eqs. (49)–(52).
(6) Calculate effectiveness values according to Eqs. (57)–

(63).
(7) Calculate outlet parameters such as Ya,o, ta,o and ha,o

from effectiveness values.
(8) Check if the calculated outlet parameters match with

the assumed values or the results of the last iteration
and repeat steps (1)–(7) until the errors are
acceptable.

7. Comparison and discussion

For counterflow configuration, the effectiveness expres-
sions developed in this article are very similar to those
developed in the previous article [30] (where there were
some misprints and the corrections are listed in Appendix
A). If liquid phase heat and mass transfer resistances can
be neglected, b1–b4 will be approximately equal to B1–B4

in the previous article, respectively. Thus, the effectiveness
expressions of u and w are approximately equal in both
articles, respectively. However, the effectiveness expression
for enthalpy is improved for accuracy.

In developing analytical solution, approximations of lin-
ear equilibrium humidity ratio and constant values of vari-
ables involved in calculating the elements of the coefficients
matrix A were adopted. These approximations will cer-
tainly introduce some errors in the analytical results. In
order to demonstrate the validity of the analytical solution,
comparisons were made between analytical and numerical
results for some typical operating conditions. In compari-
son, a base case condition was selected for the LiCl solu-
tion based dehumidification as shown in Table 1. Other
conditions were obtained by changing each time one inde-
pendent variable from low to high values within typical
ranges of operating conditions. For regeneration, the
equipment operates at high desiccant solution temperature



Table 1
Comparison of analytical and numerical results for packed bed liquid desiccant air contact systems

Given conditions This model Previous model [30] Numerical integration aRelative errors (%) for

Solution bFlow
type

tL,i,
�C

xL,i(nL,i),
%

ta,i,
�C

Ya,i,
mol/
mol(a)

Ci
b Rk Rh

r
Lef

NTU tL,o,
�C

ta,o,
�C

Ya,o,
mol/
mol(a)

tL,o,
�C

ta,o,
�C

Ya,o,
mol/
mol(a)

tL,o,
�C

ta,o,
�C

Ya,o,
mol/
mol(a)

This model Previous
model

etL
eY etL

eY

LiCl C 30 81.38(35) 35 0.03464 0.25 3 0 1 3 37.44 32.03 0.01794 38.4 32.02 0.01552 37.45 32.11 0.01787 �0.13 �0.42 12.75 14.01
LiCl C 30 81.38(35) 35 0.03464 0.25 3 0 1 1 34.42 33.03 0.02493 35.51 33.26 0.02203 34.34 33.03 0.02514 1.84 2.21 26.96 32.74
LiCl C 30 81.38(35) 35 0.03464 0.25 3 0 1 10 39.62 30.39 0.01344 39.88 30.23 0.01286 39.73 30.35 0.01317 �1.13 �1.26 1.54 1.44
LiCl C 30 81.38(35) 35 0.03464 0.25 3 0 0.5 3 35.74 31.76 0.02241 36.87 31.97 0.01942 35.68 31.80 0.02256 1.06 1.24 20.95 25.99
LiCl C 30 81.38(35) 35 0.03464 0.25 3 0 1.5 3 38.28 32.03 0.01581 39.01 31.86 0.01406 38.35 32.11 0.01559 �0.84 �1.15 7.90 8.03
LiCl C 30 81.38(35) 35 0.03464 0.25 3 0.3 1 3 36.32 34.05 0.01950 38.4 32.02 0.01552 36.18 34.15 0.01979 2.27 1.95 35.92 28.75
LiCl C 30 81.38(35) 35 0.03464 0.25 9 0 1 3 36.12 31.84 0.02140 38.4 32.02 0.01552 35.92 31.89 0.02188 3.38 3.76 41.89 49.84
LiCl C 30 81.38(35) 35 0.03464 0.25 0 0 1 3 38.41 32.01 0.01550 38.4 32.02 0.01552 38.50 31.99 0.01526 �1.06 �1.24 �1.18 �1.34
LiCl C 30 81.38(35) 35 0.03464 0.125 3 0 1 3 34.16 31.05 0.01652 34.6 30.97 0.01435 34.14 31.06 0.01658 0.48 0.33 11.11 12.35
LiCl C 30 81.38(35) 35 0.03464 0.5 3 0 1 3 41.14 34.26 0.02110 42.42 34.82 0.01909 41.12 34.56 0.02092 0.18 �1.31 11.69 13.34
LiCl C 30 81.38(35) 35 0.05288 0.25 3 0 1 3 42.09 33.34 0.02346 43.99 33.45 0.01847 42.09 33.6 0.02330 0.00 �0.54 15.72 16.33
LiCl C 30 81.38(35) 35 0.01702 0.25 3 0 1 3 32.42 30.76 0.01371 32.59 30.76 0.01327 32.42 30.77 0.01369 0.00 �0.60 7.02 12.61
LiCl C 30 81.38(35) 27 0.03464 0.25 3 0 1 3 35.81 31.27 0.01739 36.73 31.21 0.01509 35.77 31.34 0.01743 0.69 0.23 16.64 13.60
LiCl C 30 81.38(35) 45 0.03464 0.25 3 0 1 3 39.45 32.98 0.01871 40.45 33.05 0.01612 39.54 33.08 0.01843 �0.94 �1.73 9.54 14.25
LiCl C 30 77.92(40) 35 0.03464 0.25 3 0 1 3 39.49 32.33 0.01313 40.39 32.24 0.01095 39.48 32.45 0.01308 0.11 �0.23 9.60 9.88
LiCl C 30 98.72(5) 35 0.03464 0.25 3 0 1 3 29.15 29.96 0.04037 28.95 29.96 0.04089 29.16 29.96 0.04034 1.19 0.53 25.00 9.65
LiCl C 15 81.38(35) 35 0.03464 0.25 3 0 1 3 29.21 18.83 0.00941 29.94 18.72 0.00764 29.35 18.92 0.009 �0.98 �1.60 4.11 5.30
LiCl C 55 81.38(35) 35 0.03464 0.15 3 0 1 3 49.88 52.77 0.04436 48.82 52.46 0.04894 49.91 52.79 0.04426 0.59 1.04 21.41 48.65
LiCl P 30 81.38(35) 35 0.03464 0.25 3 0 1 3 35.84 35.20 0.01998 35.80 35.18 0.02009 0.69 0.76
LiBr C 15 82.82(50) 35 0.03464 0.25 3 0 1 3 28.83 18.68 0.00897 29.63 18.59 0.00686 28.91 18.82 0.00866 �0.58 �1.19 5.18 6.93
LiBr C 55 82.82(50) 35 0.03464 0.15 3 0 1 3 50.92 53.11 0.04028 50.2 52.87 0.04371 50.93 53.1 0.04026 0.25 0.36 17.94 61.39
LiBr C 15 82.82(50) 35 0.03464 0.25 3 0.3 1 3 24.27 20.69 0.00797 29.63 18.59 0.00686 24.17 20.90 0.00811 0.25 0.36 17.94 61.39
LiBr P 15 82.82(50) 35 0.03464 0.25 3 0 1 3 26.29 25.53 0.01125 26.19 25.62 0.01144 �0.35 0.82
CaCl2 C 15 91.96(35) 35 0.03464 0.25 3 0 1 3 26.64 18.59 0.01519 27.72 18.6 0.01231 26.84 18.71 0.01459 �1.69 �2.99 7.43 11.37
CaCl2 C 55 91.96(35) 35 0.03464 0.15 3 0 1 3 46.69 51.69 0.05913 41.93 50.07 0.0802 46.55 51.77 0.05965 �1.66 �2.08 54.67 82.17
CaCl2 C 15 91.96(35) 35 0.03464 0.25 3 0.3 1 3 25.06 21.78 0.01731 27.72 18.6 0.01231 24.90 22.02 0.01757 �0.53 1.52 �9.37 30.81
CaCl2 P 15 91.96(35) 35 0.03464 0.25 3 0 1 3 24.24 23.97 0.01803 24.23 24.00 0.01806 �0.03 0.18

a Definitions for relative errors: etL
¼ ðtn

L;o � ta
L;oÞ=ðtL;i � tn

L;oÞ; eY ¼ ðY n
a;o � Y a

a;oÞ=ðY a;i � Y n
a;oÞ.

b C—counterflow, P—parallel flow.
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Misprinted
equation
No.

Corrected equation

(14) dT L¼C�½ðT a�T LÞþð�hs=LeÞðY a�Y eLÞ�dNTU

(22) a22 ¼ Le�RcvðY a�Y eLÞ
Leð1þY aRcvÞ � C�

(39) #L;o � #L;i

¼ C�
ðRcvð#a � #LÞ þ 1Þav � K1ð1þ Y aRcvÞav

K1 þ K2
euðua;i � ueL;iÞ

�

þ ðRcvð#a�#LÞþ1ÞavþK2ð1þY a RcvÞav

K1þK2
ewðwa;i � weL;iÞ

�

(43) B2 ¼ C�ðK2S# � 1Þ ðRcvð#a�#LÞþ1ÞavþK2ð1þY aRcvÞav

K1þK2

(45) B4 ¼ C�ðK1S# þ 1Þ ðRcvð#a�#LÞþ1ÞavþK2ð1þY aRcvÞav

K1þK2

(50) eh ¼ ha;i�ha;o

ha;i�heL;i
¼ ðch�K1ÞeuþðK2þchÞcew

ðch�K1ÞþðK2þchÞc
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conditions. The minimum flow rates of desiccant solutions
required by equilibrium calculation under these conditions
are much higher than those at low temperature operating
conditions. And thus, a lower value of air to solution heat
capacity rate ratio C�i was selected for regeneration cases.
From heat and mass transfer analogy, hG ¼ F GMGCG

ScG

PrG

� �2=3

and hL ¼ F LMLCL
ScL

PrL

� �2=3

[20]. Thus, we may have
Rh
Rk
� MGCG

ð1�xM ÞMLCG

ScG

PrG
= ScL

PrL

� �2=3

. This may not be an exact cor-

relation, but it can be a good estimation of the order of
the magnitude of Rh

Rk
. For typical operating conditions, Rh

Rk

will be in the order of 0.05–0.1 due to the large values of
ScL

PrL
of liquid desiccant solutions. For simplicity, only three

cases of dehumidification and one case of regeneration
was selected for comparison for both the LiBr and CaCl2
solutions based systems. In calculation, thermo-physical
properties of desiccant solutions were obtained from liter-
atures [15,31–33].

Results of outlet temperatures and humidity ratios from
both analytical method and numerical integration are
shown in Table 1 for comparison. For the typical operating
conditions simulated, the differences are generally small.
The differences in solution outlet temperatures are less than
0.2 �C and averagely equal to 0.073 �C. The differences in
air outlet temperatures are less than 0.3 �C and averagely
equal to 0.086 �C. The differences in air outlet humidity
ratios are less than 0.0006 mol/mol(a) (or 0.375 g/kg(a))
and averagely equal to 0.0002 mol/mol(a) (or 0.13 g/
kg(a)). Relative errors in outlet solution temperatures and
air humidity ratios were also defined and calculated. These
errors were defined as the ratios of the differences between
the predicted outlet variable values by numerical integra-
tion and the analytical method respectively to the overall
changes of the same variables by numerical integration.
By the way of these definitions, relative errors in outlet
air humidity ratios are also the relative errors in tower effi-
ciency or latent energy exchanged. In addition, the total
energy exchanged is approximately proportional to the
overall change of desiccant solution temperatures and thus
the relative errors in outlet solution temperatures approxi-
mately represent the relative errors in total energy
exchanged. Due to the possibly zero values of overall
changes in air temperatures, relative errors in air tempera-
tures were not defined and calculated. However, the model
accuracy can be adequately described by the relative errors
in total and latent energy exchanged. It can be found from
Table 1 that the relative errors are generally small for the
typical operating conditions simulated. The absolute values
of relative errors in outlet solution temperatures are less
than 3.38% and averagely equal to 0.85%. For outlet air
humidity ratios, the absolute values of relative errors are
less than 3.76% and averagely equal to 1.18%.

Results of outlet temperatures and humidity ratios by a
previous analytical method [30] are also shown in Table 1
for comparison. This method was based on a single film
of gas phase heat and mass transfer resistance model.
The comparison shows that the improvement in accuracy
by the present analytical method over the previous one is
significant. In real applications, the relative errors by the
previous analytical method will not be so much great as
shown in Table 1 if overall heat and mass transfer coeffi-
cients based on the same analytical method are utilized.
Nonetheless, the present analytical model is more reason-
able than the previous one and gives more detailed infor-
mation on the complicated heat and mass transfer
processes for the cases with non-negligible liquid phase
mass transfer resistances.

By above comparisons, the validity of the present model
is demonstrated to be satisfactory. However, additional
simulations (not shown in Table 1) indicate that the relative
errors increase with much larger values of air to solution
heat capacity rate ratio C�i especially at higher temperature
operating conditions. This is due to the increased nonlin-
earity of equilibrium humidity ratio of desiccant solutions.
Further improvement could be obtained by taking into
analytical solution the effect of nonlinearity of equilibrium
humidity ratio of the desiccant solutions.

Appendix A. Corrections to the misprints in Ref. [30]
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